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Abstract
In this paper, we consider the explicit wave-breaking mechanism and its dynamical behavior
near this singularity for the generalized b-equation. This generalized b-equation arises from
the shallow water theory, which includes the Camassa-Holm equation, the Degasperis-Procesi
equation, the Fornberg-Whitham equation, the Korteweg-de Vires equation and the classical
b-equation. More precisely, we find that there exists an explicit self-similar blowup solution for
the generalized b-equation. Meanwhile, this self-similar blowup solution is asymptotic stability
in a parameters domain, but instability in other parameters domain.
1 Introduction and main results
The b-equation arises from nonlinear shallow water theory, which takes the following form
mt + c0ux + umx + buxm+ Γuxxx = 0, t > 0, x ∈ R,
u(0, x) = u0(x),
(1.1)
where c0, b, Γ are arbitrary real constants, the notation m = u−α2uxx with constant α ∈ R.
Equation (1.1) can be derived as the family of asymptotically equivalent shallow water
wave equations that emerges at quadratic order accuracy for any b 6= −1 by an appropriate
Kodama transformation [22, 23]. The b-equation can be written as a nonlinear dispersive
equation
ut − α2utxx + c0ux + (b+ 1)uux + Γuxxx = α2(buxuxx + uuxxx), t > 0, x ∈ R,
u(0, x) = u0(x),
which contains the three kinds of famous shallow water equation. One can see [25] for the
well-posedness, blow-up phenomena, and global solutions for b-equation (1.1).
In this paper we study a generalized b-equation as follows
ut − α2utxx + c0ux + (b+ 1)uux + Γuxxx = α2(c1uxuxx + c2uuxxx), t > 0, x ∈ R,
u(0, x) = u0(x),
(1.2)
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where we introduce two more parameters c1, c2 ∈ R than equation (1.1) to contain more
shallow water equations, that is, the Camassa-Holm (CH) equation, the Degasperis-Procesi
(DP) equation, the Fornberg-Whitham (FW) equation, and the Korteweg-de Vires (KdV)
equation.
If α = 1, c0 = Γ = 0, b = 2, c1 = 2 and c2 = 1, then equation (1.2) becomes the famous
Camassa-Holm equation [5]
ut − utxx + 3uux = 2uxuxx + uuxxx,
which admits a bi-Hamiltonian structure [5, 8], and it can be written as
Ut = −J1∂H2
∂U
= −J2∂H1
∂U
,
where
U = u− uxx, J1 = ∂ − ∂3, J2 = ∂U + U∂,
H1 =
1
2
∫
R
(u2 + u2x)dx, H2 =
1
2
∫
R
(u2 + uu2x)dx.
Moreover, it has an exact peaked soliton
uc(t, x) = ce
−|x−ct|,
where constant c > 0 is the speed of wave. The stability of it has been obtained in [14, 15,
16, 17, 28].
The Camassa-Holm equation is one of most famous shallow water models, which has
attracted hundreds of papers to study it and its generalizations [3, 4, 7, 8, 9, 11, 13, 18, 28].
One of important topic focusing on the CH equation is the wave break phenomenon. A
sufficient condition for the breakdown criterion depends on the value of initial data at one
point x0 ∈ R. The classical result is obtained by Constantin and Escher [12], this criterion
required the initial data u0(x) ∈ H3(R) at some point x0 ∈ R such that u′(x0) < −
√
2
2
‖u0‖H1.
After this result, there are many results concerning on the improvement of initial data
condition at some point x0 ∈ R, one can see [9, 10, 35, 38] for more details. Recently,
Brandolese [2] gave a new sufficient condition for the breakdown, it needs the initial data
satisfies u′0(x0) + |u0(x0)| < 0 for at least one point x0 ∈ R.
If α = 1, c0 = Γ = 0, b = 3 = c1 = 3 and c2 = 1, then equation (1.2) becomes the famous
Degasperis-Procesi equation
ut − utxx + 4uux = 3uxuxx + uuxxx, (t, x) ∈ R+ × R.
which was introduced by Degasperis-Procesi [19] also to model the propagation of unidi-
rectional shallow water waves over a flat bottom. It is a geodesic flow of a rigid invariant
symmetric linear connection on the diffeomorphism group of the circle [26].
The DP equation can be rewritten in Hamiltonian form as follows
mt = B1
∂H1
∂m
= B2
∂H2
∂m
,
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where B1 and B2 form a compatible bi-Hamiltonian pair [31], and
m = u− uxx, B1 = ∂x(1− ∂2x)(4− ∂2x), B2 = m
2
3∂xm
1
3 (∂x − ∂3x)m
1
3∂xm
2
3 .
It admits the conservation laws
E1(u) =
∫
R
(1− ∂2x)udx, E2(u) =
∫
R
(
(1− ∂2x)u
)(
(4− ∂2x)−1u
)
dx, E3(u) =
∫
R
u3dx,
the DP equation has not only an exact peakon [20], but also shock peakons [37]
u(t, x) = − 1
t + k
sgn(x)e−|x|, k > 0.
The CH equation and DP equation can rewritten as the following coupled system
m = u− uxx,
mt +mxu+ λmux = 0,
where it is the CH equation for λ = 2, it turns to the DP equation for λ = 3. Both two
equations possess smooth solutions that develop singularities in finite time via a process
that captures the essential features of breaking waves [42]. There are many papers to study
the well-posedness theory and blowup analysis for the DP equation and blowup analysis
[5, 24, 29, 30, 36, 45, 46]. One of the important features of the DP equation is that it not
only has peakon solitons [20], but also shock peakons [37].
If α = 1, c0 = −1, Γ = 0, b = 12 , c1 = 92 and c2 = 32 , then equation (1.2) becomes the
Fornberg-Whitham (FW) equation, which was first introduced by Whitham [42] in 1967,
Whitham and Fornberg [27] in 1978 to model the shallow water, it has the form
ut − utxx − ux + 3
2
uux − 3
2
uuxxx − 9
2
uxuxx = 0, (t, x) ∈ R+ × R, (1.3)
with the initial data
u(0, x) = u0(x),
where ω = 1
c0
=
√
gh > 0 is a positive constant, h and g are the mean fluid depth and
the gravitational constant, respectively. The FW equation is not integrable and there is no
useful conservation laws which would be used to make estimates of solutions, meanwhile, it
does not only allow traveling wave solutions like the KdV equation, but also possess peakon
solutions as some Camassa-Holm type equations. On can see [27, 32, 41] for more details.
If α = c0 = 0, b = 2 and Γ = 1, then equation (1.2) becomes the famous KdV equation
ut − 3uux + uxxx = 0,
which describes the unidirectional propagation of waves at the free surface of shallow water
under the influence of gravity. It is well-know that the KdV equation with ω = 0 admits a
smooth soliton [21]
uc(t, x) = a0 sech
2(µ0(x− ct)),
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where parameters µ0 =
√
a0
2
and c = c0+ a0. Bourgain [1] showed that solutions to the KdV
equation are global as long as the initial data is square integrable. One can also see related
result in [34, 40].
Recently, Yan [43, 44] found there are explicit self-similar blowup solutions for a class
of shallow water equations, including the Camassa-Holm equation, the Degasperis-Procesi
equations, the Dullin-Gottwald-Holm equation, the Korteweg-de Vires equation, the dis-
persive rod equation and the Benjamin-Bona-Mahony equation. Meanwhile, those explicit
self-similar blowup solutions for the Camassa-Holm equation, the Degasperis-Procesi equa-
tions, the Dullin-Gottwald-Holm equation and the dispersive rod equation are asymptotic
stability, but for the Korteweg-de Vires equation and the Benjamin-Bona-Mahony equation
are instability. In the present paper, we study the explicit wave breaking phenomenon for
b-equation (1.2). More precisely, we first give an explicit self-similar blowup solution of b-
equation (1.2), then asymptotic stability and instability of this blowup solution are shown
according to the domain of parameters c1, c2, b.
Here the first result gives the existence of explicit self-similar solution.
Theorem 1.1. The generalized b-equation (1.2) admits an explicit self-similar blowup
solution
u0(t, x) = − 1
b+ 1
(
x
T − t + c0), (1.4)
where constant b 6= −1.
The second result gives the asympototic stability of self-similar solution given in (1.4) by
parameters assumptions.
Theorem 1.2. Let s > 3. Assume that parameters α 6= 0 and b, c1, c2 satisfy
2(b+ 1) + c2 − 2c1
b+ 1
> 0,
2c1 + 1− c2
b+ 1
> 0.
Then the explicit self-similar blowup solution (1.4) of generalized b-equation (1.2) is asymp-
totic stability, that is, for a sufficient small σ, if
‖u0(x) + 1
b+ 1
(
x
T
+ c0)‖Hs ≤ σ,
then there is a solution u(t, x) of equation (1.2) such that
‖u(t, x)− u0(t, x)‖Hs . (T − t)
3(b+1)+c2−2c1
b+1 , ∀(t, x) ∈ (0, T )× R.
The last result states the instability of self-similar blowup solution given in (1.4) by
parameters assumptions.
Theorem 1.3. Let s > 2. Assume that parameters α 6= 0 and c1, c2, b satisfy
2(b+ 1) + c2 − 2c1
b+ 1
< 0,
4
or
2(b+ 1) + c2 − 2c1 = 0,
2c1 + 1− c2
b+ 1
< 0.
Then the explicit self-similar blowup solution (1.4) of generalized b-equation (1.2) is insta-
bility, that is, no matter how small σ > 0, if
‖u0(x) + 1
b+ 1
(
x
T
+ c0)‖Hs ≤ σ,
then any solution u(t, x) ∈ Hs of equation (1.2) such that
‖u(t, x)− u0(t, x)‖Hs > 1
(T − t)Cc1,c2,b , ∀(t, x) ∈ (0, T )× R.
where Cc1,c2,b is a positive constant depending on c1, c2, b.
Remark 1.1. It follows from (1.4) that there is type I singularity of a class of shallow
water equations including the Camassa-Holm equation, the Degasperis-Procesi equation, the
Fornberg-Whitham equation, and the Korteweg-de Vires equation. There is
∂xu0(t, x)|x=0 = − 1
(b+ 1)(T − t) →∞, t→ T
−.
Moreover, if parameters α 6= 0 and b, c1, c2 satisfy
2(b+ 1) + c2 − 2c1
b+ 1
> 0,
2c1 + 1− c2
b+ 1
> 0,
then the generalized b-equation (1.2) has a stable self-similar blowup solution in Sobolev
space Hs with s > 3. This includes the Camassa-Holm equation and the Degasperis-Procesi
equation. One can see [44] for the corresponding results on those two famous equations.
If parameters α 6= 0 and c1, c2, b satisfy
2(b+ 1) + c2 − 2c1
b+ 1
< 0,
or
2(b+ 1) + c2 − 2c1 = 0,
2c1 + 1− c2
b+ 1
< 0.
then the generalized b-equation (1.2) has a unstable self-similar blowup solution in Sobolev
space Hs with s > 2. This includes the Fornberg-Whitham equation (1.3). Here we point
out the completely classification of stability and instability of solution (1.4) according to the
parameters is still open.
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Thoughout this paper, we denote the usual norm of L2(R) and Hs(R) by ‖ · ‖L2and
‖ · ‖Hs, respectively. ⋆ stands for the convolution. [A,B] denotes the commutator of two
linear operators A and B. D(L) is the domain of the operator L. The symbol a . b means
that there exists a positive constant C such that a ≤ Cb.
The organization of this paper is as follows. In section 2, we give the details of finding
explicit self-similar solution of the generalized b-equation (1.2). This idea follows from [43,
44]. The last section is to study the dynamical behavior near those explicit self-similar
solutions, that is, giving the proof of Theorem 1.2 and Theorem 1.3.
2 The explicit self-similar solutions
Let parameter T be a positive constant. Introduce the similarity coordinates
τ = − log(T − t), ρ = x
T − t , (2.1)
then we denote by
u(t, x) = φ(− log(T − t), x
T − t),
Thus b-equation (1.2) is transformed into an one dimensional quasilinear equation
φτ +
(
ρ+c0+(b+1)φ
)
φρ−α2e2τ (φτρρ+2φρρ)+(Γ−α2ρ)e2τφρρρ = α2e2τ (c1φρφρρ+c2φφρρρ).
(2.2)
Consequently, it is easy to check that the generalized b-equation (1.2) has an explicit
self-similar solution
u(t, x) = − 1
b+ 1
(
x
T − t + c0). (2.3)
Above process gives the proof of Theorem 1.1.
Furthermore, we compare those self-similiar blowup solutions between four classical shal-
low water models.
Let α = 1, c0 = Γ = 0, b = 2, c1 = 2 and c2 = 1, we get the Camassa-Holm equation.
Using (2.3), the CH equation admits a self-similar solution blowup solution as follows
u(t, x) = − x
3(T − t) .
Let α = 1, c0 = Γ = 0, b = 3 = c1 = 3 and c2 = 1, the generalized b-equation (1.2)
is reduced into the Degasperis-Procesi equation, and it has a self-similar solution blowup
solution as follows
u(t, x) = − x
4(T − t) .
Let α = 1, c0 = −1, Γ = 0, b = 12 , c1 = 92 and c2 = 32 , the generalized b-equation (1.2)
becomes the Fornberg-Whitham equation which has a self-similar solution blowup solution
as follows
u(t, x) = −2
3
(
x
T − t − 1).
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Let α = c0 = 0, b = 2 and Γ = 1, then equation (1.2) becomes the famous KdV equation,
which has a self-similar solution blowup solution as follows
u(t, x) = − x
3(T − t) .
In conclusion, one can see that the generalized b-equation, the Camassa-Holm equation,
the Degasperis-Procesi equation, the Fornberg-Whitham equation and the Korteweg-de Vires
equation can have a common blowup profile x
T−t , so they have the same wave breaking
behavior, that is
∂xu|x=0 → +∞, as t→ T−.
3 Dynamical behavior near self-similar blowup solutions
In this section, we consider nonlinear stability and instability of explicit self-similar
blowup solution given in section 2 for the generalized b-equation (1.2) according to the
domain of parameters.
Let the solution of generalized b-equation is the form
u(t, x) = v(t, x) + u0(t, x), (3.4)
where
u0(t, x) = − 1
b+ 1
(
x
T − t + c0)
is the explicit self-similar solution for equation (1.2).
Substituting (3.4) into (1.2), we get an equation in the similarity coordinates (2.1) as
follows
vτ − α2e2τvτρρ − α2e2τ (2− c1
b+ 1
)vρρ+e
2τ
(
Γ +
α2c0c2
b+ 1
+
α2(c2 − b− 1)
b+ 1
ρ
)
vρρρ
− v + (b+ 1)vvρ = α2e2τ (c1vρvρρ + c2vvρρρ).
(3.5)
Introduce the transformation
v(τ, ρ0) = e
−τv(τ, ρ)
where
ρ0 := e
−τρ.
Then equation (3.5) becomes
vτ − α2vτρ0ρ0 − α2(1−
c1
b+ 1
)vρ0ρ0 + e
−τ
(
Γ +
α2c0c2
b+ 1
+
α2c2
b+ 1
eτρ
)
vρ0ρ0ρ0 +
(
(b+ 1)v − ρ0
)
vρ0
= α2(c1vρ0vρ0ρ0 + c2v vρ0ρ0ρ0).
(3.6)
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Note that the operator 1− α2∂ρ0ρ0 has a fundamental solution
p(x) =
1
2α
e−|
ρ0
α
|.
We denote the operator (1− α2∂ρ0ρ0)
1
2 by Λ, then Λ−2v = p(ρ0) ⋆ v for all v ∈ L2. Let
w(τ, ρ0) = v(τ, ρ0)− α2vρ0ρ0(τ, ρ0),
then v(τ, ρ0) = p ⋆ w, where ρ0 ∈ R and ⋆ denotes the convolution. Thus equation (3.6) can
be rewritten as a non-local equation
wτ + (1− c1
b+ 1
)w−e−τ
( Γ
α2
+
c2(c0 + e
τρ0)
b+ 1
)
wρ0 − (1−
c1
b+ 1
)(p ⋆ w)
+ e−τ
( Γ
α2
+
c0c2 + (c2 − b− 1)eτρ)
b+ 1
)
(p ⋆ w)ρ0
= −c2wρ0(p ⋆ w) +
(
(c1 + c2 − b− 1)(p ⋆ w)− c1w
)
(p ⋆ w)ρ0,
(3.7)
with the initial data
w(0, ρ0) := w0(ρ0) = v0(ρ0)− α2vρ0ρ0(0, ρ0)
= u0(x)− α2u′′0(x) +
1
b+ 1
(
x
T
+ c0),
(3.8)
and the boundary condition
w(τ, ρ0)|ρ0=±∞ = 0, wρ0(τ, ρ0)|ρ0=±∞ = 0, (3.9)
where we use
(p ⋆ w)ρ0ρ0 = α
−2(p ⋆ w − w).
It is easy to see there are two important terms of equation (3.7) as follows
(1− c1
b+ 1
)w − c2(c0 + e
τρ0)
b+ 1
wρ0,
which determines the dissipative property of equation (3.7).
3.1 A priori estimate
We introduce a commutator estimate which can be found in [33].
Lemma 3.1. Let s > 0. Then there is
‖[Λs, u]v‖L2 ≤ C
(
‖∂xu‖L∞‖Λs−1v‖L2 + ‖Λsu‖L2‖v‖L∞
)
, (3.10)
where positive constant C depending on s.
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We now derive a priori estimate of the solution for equation (3.7). Let s > 0. Applying
Λs to both sides of (3.7), there is
(Λsw)τ + (1− c1
b+ 1
)Λsw − e−τΛs
[( Γ
α2
+
c2(c0 + e
τρ0)
b+ 1
)
wρ0
]
− (1− c1
b+ 1
)Λs(p ⋆ w)
+ e−τΛs
[( Γ
α2
+
c0c2 + (c2 − b− 1)eτρ)
b+ 1
)
(p ⋆ w)ρ0
]
= −c2Λs
(
wρ0(p ⋆ w)
)
+ Λs
[(
(c1 + c2 − b− 1)(p ⋆ w)− c1w
)
(p ⋆ w)ρ0
]
.
(3.11)
Lemma 3.2. Let s > 2 and α 6= 0. Assume that parameters c1, c2, b satisfy
2(b+ 1) + c2 − 2c1
b+ 1
> 0,
2c1 + 1− c2
b+ 1
> 0.
(3.12)
Then the solution w of equation (3.7) satisfies
‖w‖Hs . e−
2(b+1)+c2−2c1
b+1
τ‖w0‖Hs.
Proof. Taking the L2-inner product with equation (3.11) by Λsw, we get
1
2
d
dτ
‖w‖2Hs + (1−
c1
b+ 1
)‖w‖2Hs − e−τ
∫
R
ΛswΛs
[( Γ
α2
+
c2(c0 + e
τρ0)
b+ 1
)
wρ0
]
dρ0
− (1− c1
b+ 1
)
∫
R
ΛswΛs(p ⋆ w)dρ0 + e
−τ
∫
R
ΛswΛs
[( Γ
α2
+
c0c2 + (c2 − b− 1)eτρ)
b+ 1
)
(p ⋆ w)ρ0
]
dρ0
=
∫
R
ΛswΛs
[(
(c1 + c2 − b− 1)(p ⋆ w)− c1w
)
(p ⋆ w)ρ0
]
dρ0 − c2
∫
R
ΛswΛs
(
wρ0(p ⋆ w)
)
dρ0.
(3.13)
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Next we estimate each of terms in (3.13). On one hand, we use integration by parts to derive∫
R
ΛswΛs
[( Γ
α2
+
c2(c0 + e
τρ0)
b+ 1
)
wρ0
]
dρ0
=
∫
R
[( Γ
α2
+
c2(c0 + e
τρ0)
b+ 1
)
wρ0
]
Λ2swdρ0
= − c2
b+ 1
eτ
∫
R
ΛswΛswdρ0 − 1
2
∫
R
( Γ
α2
+
c2(c0 + e
τρ0)
b+ 1
)
(Λsw)2ρ0dρ0
= − c2
2(b+ 1)
eτ‖w‖2Hs,
and
(1− c1
b+ 1
)
∫
R
ΛswΛs(p ⋆ w)dρ0 = (1− c1
b+ 1
)‖w‖2
Hs−1
,
and∫
R
ΛswΛs
[( Γ
α2
+
c0c2 + (c2 − b− 1)eτρ)
b+ 1
)
(p ⋆ w)ρ0
]
dρ0
=
b+ 1− c2
b+ 1
eτ
∫
R
Λs−1wΛs−1wdρ0 +
1
2
∫
R
( Γ
α2
+
c0c2 + (c2 − b− 1)eτρ)
b+ 1
)
(Λs−1w)2ρ0dρ0
=
3(b+ 1− c2)
2(b+ 1)
eτ‖w‖2
Hs−1
.
(3.14)
On the other hand, by (3.10), Ho¨lder inequality and Hs−1 ⊂ L∞ with s > 2, we use
integration by parts to get∫
R
ΛswΛs
(
wρ0(p ⋆ w)
)
dρ0 . ‖wρ0‖L∞
∫
R
ΛswΛs(p ⋆ w)dρ0
. ‖w‖3Hs,
(3.15)
and ∣∣∣
∫
R
ΛswΛs
[(
(c1 + c2 − b− 1)(p ⋆ w)− c1w
)
(p ⋆ w)ρ0
]
dρ0
∣∣∣
=
∣∣∣
∫
R
[Λs, (c1 + c2 − b− 1)(p ⋆ w)− c1w](p ⋆ w)ρ0Λswdρ0
∣∣∣
+
∣∣∣
∫
R
(
(c1 + c2 − b− 1)(p ⋆ w)− c1w
)
Λs(p ⋆ w)ρ0Λ
swdρ0
∣∣∣
.
[(
(c1 + c2 − b− 1)‖(p ⋆ w)ρ0‖L∞ + c1‖wρ0‖L∞
)
‖Λs−1(p ⋆ w)ρ0‖L2
+
(
(c1 + c2 − b− 1)‖Λs(p ⋆ w)‖L2 + c1‖Λsw‖L2
)
‖(p ⋆ w)ρ0‖L∞
]
‖w‖Hs
+
(
c1 + c2 − b− 1)‖p ⋆ w‖L∞ + c1‖w‖L∞
)
‖w‖2
Hs
. ‖w‖3Hs.
(3.16)
Thus using (3.14)-(3.16), it follows from (3.13) that
d
dτ
‖w‖2
Hs
+
2(b+ 1) + c2 − 2c1
b+ 1
‖w‖2
Hs
+
2c1 + 1− c2
b+ 1
‖w‖2
Hs−1
. ‖w‖3
Hs
,
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then by (3.12), above inequality gives that
d
dτ
‖w‖2
Hs
+
2(b+ 1) + c2 − 2c1
b+ 1
‖w‖2
Hs
. ‖w‖3
Hs
,
which is a Bernoulli-type differential inequality, it is equivalent to
− d
dτ
‖w‖−1
Hs
+
2(b+ 1) + c2 − 2c1
b+ 1
‖w‖−1
Hs
. 1,
this means that
‖w‖Hs . e−
2(b+1)+c2−2c1
b+1
τ‖w0‖Hs.
3.2 Nonlinear stability of self-similar blowup solutions
Since we study the asymptotic stability of explicit self-similar solutions for the generalized
b-equation (1.2), it is equivalent to prove global-well posedness for equation (3.7) with the
initial data (3.8) and boundary condition (3.9).
Let the linear operator L be the form
L[w] : = −(1 − c1
b+ 1
)w + e−τ
( Γ
α2
+
c2(c0 + e
τρ0)
b+ 1
)
wρ0 + (1−
c1
b+ 1
)(p ⋆ w)
− e−τ
( Γ
α2
+
c0c2 + (c2 − b− 1)eτρ)
b+ 1
)
(p ⋆ w)ρ0.
. (3.17)
Equation (3.7) can be rewritten as
wt = L[w] + f(w), (3.18)
where the nonlinear term
f(w) :=
(
(c1 + c2 − b− 1)(p ⋆ w)− c1w
)
(p ⋆ w)ρ0 − c2wρ0(p ⋆ w). (3.19)
Lemma 3.3. Let s > 2. There is L[w] ∈ Hs, for any w ∈ D(L).
Proof. Since there is no singular coefficient in the linear operator L and the highest order
derivative on ρ0 is 1, It follows from (3.17) that this result holds for ρ0 ∈ R.
Lemma 3.4. Let s > 2. The linear operator L defined in (3.17) is a closed and densely
defined linear dissipative operator in Hs.
Proof. It is easy to check that L[w] is a densely defined and closed linear operator in Hs.
Here,we only prove that L is dissipative, i.e.
(L[w], w)s ≤ 0.
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To see this, direct computations give that
∫
Ω
(ΛsL[w])Λswdρ0
= −(1− c1
b+ 1
)‖w‖2Hs + e−τ
∫
R
ΛswΛs
[( Γ
α2
+
c2(c0 + e
τρ0)
b+ 1
)
wρ0
]
dρ0
+ (1− c1
b+ 1
)
∫
R
ΛswΛs(p ⋆ w)dρ0 − e−τ
∫
R
ΛswΛs
[( Γ
α2
+
c0c2 + (c2 − b− 1)eτρ)
b+ 1
)
(p ⋆ w)ρ0
]
dρ0
(3.20)
which combining with (3.14) and (3.12) means that
∫
Ω
(ΛsL[w])Λswdρ0 = −2(b+ 1) + c2 − 2c1
b+ 1
‖w‖2Hs −
2c1 + 1− c2
b+ 1
‖w‖2
Hs−1
< 0.
This completes the proof.
Lemma 3.5. Let s > 2. The operator L defined in (3.17) is invertible in Hs. Moreover,
the operator L generates a C0-semigroup (S(t))τ≥0 in Hs.
Proof. To see the existence of L−1, we need to prove the operator L are injective and sur-
jective. We first show L is injective. Let w ∈ D(L) such that
L[w] = 0,
which gives that
−(1 − c1
b+ 1
)Λsw + e−τΛs
[( Γ
α2
+
c2(c0 + e
τρ0)
b+ 1
)
wρ0
]
+ (1− c1
b+ 1
)Λs(p ⋆ w)
− e−τΛs
[( Γ
α2
+
c0c2 + (c2 − b− 1)eτρ)
b+ 1
)
(p ⋆ w)ρ0
]
= 0.
(3.21)
Multiplying (3.21) by Λsw, and integrating by parts over R, we derive
∫
R
ΛsL[w]Λswdρ0 = −2(b+ 1) + c2 − 2c1
b+ 1
‖w‖2
Hs
− 2c1 + 1− c2
b+ 1
‖w‖2
Hs−1
= 0,.
which combining with the boundary condition (3.9) implies that w = 0. So the operator L
is injective.
Next, we show the operator L is surjective. ∀g ∈ H1, set
L[w] = g. (3.22)
Applying Λs to equation (3.22), then multiplying it by Λsw, and integrating by parts
over Ω,
2(b+ 1) + c2 − 2c1
b+ 1
‖w‖2
Hs
+
2c1 + 1− c2
b+ 1
‖w‖2
Hs−1
= −2
∫
Ω
gΛswdρ0,
from which, using Young’s inequality, we have
‖w‖Hs ≤ C‖g‖Hs.
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By the standard theory of elliptic-type equations of the general order, there exists a unique
weak solution w ∈ H1. For such a solution, we have w ∈ Hs+1 if for g ∈ Hs. So the operator
L is surjective. Furthermore, by the Lumer-Phillips Theorem [39], the operator L generates
a C0-semigroup (S(t))τ≥0 in Hs.
By Lemma 3.3-3.5, we can conclude the following result.
Proposition 3.1. Let s > 2. The operator L defined in (3.17) generates a C0-semigroup
(S(t))τ≥0 in Hs. Moreover, the Cauchy problem
d
dτ
w(τ) = Lw(τ),
w(0) = w0,
with the vanishing boundary has a unique solution
w(τ) = S(τ)w0,
where the initial data w0 is given in (3.8).
We now return to nonlinear equation (3.18). Using Duhamel’s formula and Proposition
3.1, equation (3.18) can be formulated as an abstract integral equation
w(τ) = S(τ)w0 +
∫ τ
0
S(τ − s)f(w(s))ds.
Let s > 2 be a fixed constant. Define a closed ball in Hs with radius σ < 1 as follows
Bσ := {w ∈ Hs| ‖w‖Hs < σ},
and the solution map T as follows
T w(τ) := S(τ)w0 +
∫ t
0
S(τ − s)f(w(s))ds. (3.23)
In what follows, we should prove that T w(τ) = w(τ) by employing the Banach fixed point
theorem.
To apply Banach fixed point theorem, we need to use the following inequality for the
weighted Sobolev space.
Lemma 3.6. [33] Let s > 0. Then Hs ∩ L∞ is an algebra, and
‖uv‖Hs ≤ C
(
‖u‖L∞‖v‖Hs + ‖u‖Hs‖v‖L∞
)
,
where C is a postive constant depending on s.
Lemma 3.7. Let s > 2 be a fixed constant. Assume that ‖w0‖Hs+1 < σ with 0 < σ ≪ 1.
The map T defined in (3.23) takes Bσ into itself.
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Proof. By (3.19) and Lemma 3.6, we derive
‖f(w)‖Hs ≤ (c1 + c2 − b− 1)‖(p ⋆ w)(p ⋆ w)ρ0‖Hs + c1‖(p ⋆ w)ρ0w‖Hs + ‖(p ⋆ w)wρ0‖Hs
≤ Cc1,c2,b
(
‖(p ⋆ w)ρ0‖L∞(‖p ⋆ w‖Hs + ‖w‖Hs) + ‖wρ0‖L∞‖p ⋆ w‖Hs
)
,
then using Hs ⊂ L∞, w = Λs(p(ρ0) ⋆ v) and Lemma 3.2, above inequality gives that
‖f(w)‖Hs ≤ Cc1,c2,b‖w‖2Hs < Cc1,c2,bσ2 < σ.
where Cc1,c2,b is a positive constant depending on parameters c1, c2, b.
Hence we conclude that the map T defined in (3.23) takes Bσ into itself.
Lemma 3.8. Let s > 2 be a fixed constant. Assume that ‖w0‖Hs+1 < σ with 0 < σ ≪ 1.
The nonlinear equation (3.18) with the initial data (3.19)and the boundary condition (3.9)
has a unique solution w ∈ Bσ.
Proof. It is equivalent to prove that the solution map T given in (3.23) has a fixed point in
Bσ. For any two w,w in Bσ, by (3.19) and Lemma 3.6, direct computations give that
‖f(w)− f(w)‖Hs . ‖(p ⋆ w)(p ⋆ w)ρ0 − (p ⋆ w)(p ⋆ w)ρ0‖Hs + ‖(p ⋆ w)ρ0w − (p ⋆ w)ρ0w‖Hs
+ ‖(p ⋆ w)wρ0 − (p ⋆ w)wρ0‖Hs
. ‖(p ⋆ (w − w))(p ⋆ w)ρ0‖Hs + ‖(p ⋆ w)(p ⋆ (w − w))ρ0‖Hs
+ ‖((p ⋆ (w − w))ρ0w‖Hs + ‖(p ⋆ w)ρ0(w − w)‖Hs
+ ‖(p ⋆ (w − w))wρ0‖Hs + ‖(p ⋆ w)(w − w)ρ0‖Hs
≤ Cc1,c2,bσ‖w − w‖Hs.
(3.24)
Hence, it follows from (3.23) and (3.24) that
‖T w(τ)− T w(τ)‖Hs . σ‖w − w‖Hs,
which implies that the solution map T is contracting when we choose a sufficient small
positive constant σ. Thus using the Banach fixed point theorem, the map T defined in
(3.23) has a fixed point in Bσ. The fixed point is the solution of nonlinear equation (3.18).
We now return to the existence of solution for nonlinear equation (3.5).
Proposition 3.2. Let s > 3. The nonlinear equation (3.5) with the initial data (3.8)
and boundary condition (3.9) admits a global solution v(τ, ρ) ∈ Hs. Moreover, if the initial
data ‖v0‖Hs+1 < σ with 0 < σ ≪ 1, then there is
‖v‖Hs ≤ Cσe−2τ .
Proof. By Lemma 3.8, we have a global solution of equation (3.5) as follows
v(τ, ρ) = eτv(τ, ρ0) = e
τ (p ⋆ w(τ, ρ0)), (3.25)
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where w(τ, ρ0) is a global solution of equation (3.18) given in Lemma 3.8, and ρ0 = e
−τρ.
Furthermore, It follows from (3.25) that vρρ = e
−τw. So by Lemma 3.2, we derive
‖v‖Hs ≤ e−τ‖w‖Hs−2 . e−
3(b+1)+c2−2c1
b+1
τ‖w0‖Hs−2 . σe−
3(b+1)+c2−2c1
b+1
τ .
From Proposition 3.2, it is easy to see nonlinear stability of explicit self-similar blowup
solution (1.4) for the generalized b-equation (1.2) by asssumption (3.12).
3.3 Instability of self-similar blowup solutions
It is a natural problem to consider the case of parameters unsatisfying the asssumption
(3.12). This is related to instability of self-similar blowup solutions for the generalized b-
equation (1.2).
Proposition 3.3. Let s > 2 and α 6= 0. Assume that parameters c1, c2, b satisfy
2(b+ 1) + c2 − 2c1
b+ 1
< 0, (3.26)
or
2(b+ 1) + c2 − 2c1 = 0,
2c1 + 1− c2
b+ 1
< 0.
(3.27)
Then the solution w of equation (3.7) satisfies
‖w‖Hs ≥ eCc1,c2,bτ‖w0‖Hs,
where Cc1,c2,b is a positive constant depending on c1, c2, b.
Proof. We directly apply (3.14)-(3.16) to (3.13), there is
d
dτ
‖w‖2
Hs
+
2(b+ 1) + c2 − 2c1
b+ 1
‖w‖2
Hs
+
2c1 + 1− c2
b+ 1
‖w‖2
Hs−1
. ‖w‖3
Hs
. (3.28)
If (3.26) holds, then by (3.28), there is a positive constant Cc1,c2,b depending on c1, c2, b
such that
d
dτ
‖w‖2
Hs
− Cc1,c2,b‖w‖2Hs . ‖w‖3Hs,
which is a Bernoulli-type differential inequality, it is equivalent to
− d
dτ
‖w‖−1
Hs
− Cc1,c2,b‖w‖−1Hs . 1,
this means that
‖w‖Hs ≥ eCc1,c2,bτ‖w0‖Hs. (3.29)
If (3.27) holds, then by (3.28) and Hs ⊂ Hs−1 with s > 1, there is a positive constant
C ′c1,c2,b depending on c1, c2, b such that
d
dτ
‖w‖2
Hs
− C ′c1,c2,b‖w‖2Hs . ‖w‖3Hs,
which also gives (3.29).
15
It follows from Proposition 3.3 that the instability of self-similar blowup solutions holds
for the generalized b-equation (1.2) by the assumption (3.26) or (3.27).
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